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Abstract
We extend the lattice gauge theory-type derivation of the Barrett–Crane spin foam model for quantum gravity to other
choices of boundary conditions, resulting in different boundary terms, and re-analyze the gluing of 4-simplices in this context.
This provides a consistency check of the previous derivation. Moreover we study and discuss some possible alternatives and
variations that can be made to it and the resulting models.
1. Introduction
Spin foam models [1–3], and the Barrett–Crane one
[4,5] in particular, are promising candidates for the
construction of a quantum theory of gravity from a
covariant perspective, implementing in a purely alge-
braic fashion the path integral or sum-over-geometries
approach. Different versions of the Barrett–Crane
model are present in the literature [6,8–10], all sharing
the same amplitude for the vertices of the spin foam
but using different amplitudes for its edges, leading to
models with different physical properties (in particu-
lar, the perturbative finiteness of one of these versions
[8,19,20] is due to the particular form of the edge am-
plitude).
In [11] a derivation of the Barrett–Crane model was
given, showing how it can be obtained from a dis-
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cretized BF theory, imposing at the quantum level (as
projectors in the partition function) the analogue of the
constraints that reduce BF theory to gravity in the Ple-
banski formulation of GR. The version obtained is the
Perez–Rovelli version, thus shown to come naturally
from a discretization of (constrained) BF with usual
methods from lattice gauge theory, being originally
derived from a field theory over a group [8]. In or-
der to obtain the exact form of the edge amplitudes,
i.e., the amplitude for the tetrahedra dual to the edges
of the spin foam, the procedure used was to derive first
the expression for the partition function corresponding
to a single 4-simplex, taking into account all the nec-
essary boundary terms, and then to glue 4-simplices
along tetrahedra in their boundary, ending up with the
partition function assigned to the whole triangulated
manifold built up from them. The amplitude to be as-
signed to the edges (tetrahedra) results from this glu-
ing procedure only and does not require any additional
input or choice. The fact that it comes directly from
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the gluing is to be expected since it should encode the
information describing the (geometric) interaction be-
tween 4-simplices. The advantage of this lattice gauge
theory type of derivation compared with other exist-
ing derivations (being of course strongly related, see
in particular the “connection formulation” of field the-
ories over a group manifold [7]), is, in our opinion,
that it makes the link between the Barrett–Crane spin
foam model and the classical Plebanski action [15–18]
more clear, and makes the analogies between gravity
and lattice gauge theory more explicit. Moreover, it
helps us to understand better the origin and the geo-
metric meaning of the edge amplitudes in the partition
function, and may also help to clarify the differences
between the various existing versions of the Barrett–
Crane model. On the other hand, this approach has the
shortcoming of being limited to a fixed triangulation
of spacetime, while the field theory over a group al-
lows to sum over all the triangulations, even if much
remains to be understood about this sum.
In this Letter, we extend the derivation of [11] to
other choices of boundary conditions, following an
analogous study for three-dimensional gravity [14],
obtain the corresponding boundary terms in the par-
tition function for a single 4-simplex and then ap-
ply again the gluing procedure to get the full parti-
tion function for the triangulated manifold. Apart from
giving the correct boundary terms in this case, this
serves as a consistency check for the previous deriva-
tion. In fact it is of course to be expected that the am-
plitudes for the elements in the interior of the mani-
fold, the edge amplitudes in particular, should not be
affected by the choice of boundary conditions in the 4-
simplices (having boundaries) whose gluing produces
them. The result is that the derivation in [11] is indeed
consistent, and we get again the Perez–Rovelli version
of the Barrett–Crane model. We then examine a few al-
ternatives to the procedure used in [11], exploiting the
freedom left by that derivation. In particular, we study
the effect of imposing the projection over the simple
representations also in the boundary terms, since this
may (naively) recall the imposition of the simplicity
constraints in the kinetic term in the field theory over
the group manifold, leading to the De Pietri–Freidel–
Krasnov–Rovelli version of the Barrett–Crane model
[6]. Instead, this leads in the present case to several
drawbacks, as we discuss, and to a model which is not
the De Pietri–Freidel–Krasnov–Rovelli version and it
is not consistent, in the sense specified above, with
respect to different choices of boundary conditions.
Moreover, we study and discuss the model that can be
obtained by not imposing the gauge invariance of the
edge amplitude (as required in [11]), since it was men-
tioned in [13], explaining why we do not consider it a
viable version of the Barrett–Crane model, and finally
the class of models that can be obtained by imposing
the two projections (simplicity and gauge invariance)
more that once. All the calculations in this Letter will
be performed explicitly for the Euclidean case, but are
valid (or can be easily extended to) in the Lorentzian
case as well, as we will discuss in the following.
2. Derivation of the Barrett–Crane spin foam
model: constraining and gluing
Let us now recall the basic elements of the deriva-
tion in [11]. The starting point is the expression for the
partition function for SO(4) BF theory discretized on
the 2-complex dual to a four-dimensional triangulated
manifold:
(1)ZBF
(
SO(4)
)=
∫
SO(4)
dg
∏
σ
∑
Jσ
∆Jσ χ
Jσ
(∏
e
ge
)
,
where σ are the parts of the dual plaquettes associ-
ated to each 4-simplex, also called “wedges” in the
literature [12] (see Fig. 1), the sum is over the rep-
resentations J of SO(4) (given by two half-integer
parameters (j, k)) here attached to each wedge (in
such a way that wedges belonging to the same pla-
Fig. 1. A wedge (the part of a dual face belonging to a single
4-simplex) with the D-functions for the group elements assigned to
its boundary edges.
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quette get the same representation attached to them),
∆Jσ = (2j + 1)(2k + 1) is the dimension of the rep-
resentation, χJ (g) is the character of the group ele-
ment g in the representation J , and the group variables
are associated to the links of the 2-complex, so that for
each wedge there is a group element assigned to it,
given by the product of the group elements associated
to the edges of its boundary (see Fig. 1). Here the role
of the B field is played by the representations J on the
plaquettes of the 2-complex, and that of the connection
by the group variables on its edges.
An analogous expression can be written in the
Lorentzian case, with SL(2,C) in place of SO(4)
and with the representations labeled by a continuous
parameter, ρ, and a half-integer parameter, n (see
[5,9]), and with “dimension” (n2 + ρ2). Note that
this partition function is only formally defined, since
it is divergent, but it will give rise to a well-defined
and convergent expression after the imposition of the
Barrett–Crane constraints.
Now we consider the case of a single 4-simplex,
consisting of 5 tetrahedra (which constitute its bound-
ary), write the character explicitly in terms of the rep-
resentation functions of the group elements assigned
to each edge, choosing real representations, and sort
the terms in the partition function per edge, to obtain:
ZBF(SO)=
∑
Jσ ,{ke}
(∏
σ
dimJσ
)∏
e
Ae
(∏
e˜
D
)
=
∑
{Jσ },{ke}
(∏
σ
∆Jσ
)∏
e
×
∫
Spin(4)
dge D
Je1
ke1me1
D
Je2
ke2me2
(2)×DJ
e
3
ke3me3
D
Je4
ke4me4
(∏
e˜
DJil
)
.
There is a group element per edge, so that four repre-
sentation functions coming from the four wedges (dual
to triangles) incident to it are to be integrated. Each of
these functions has two matrix indices, one referring
to the vertex of the 2-complex (only one vertex since
we are considering only one 4-simplex), and the other,
referring to a tetrahedron on the boundary, contracted
with one index of a D-function for an element attached
to (and only to) a link which is exposed on the bound-
ary (see Fig. 1). The other index of each matrix for an
exposed link (referring to a triangle) is contracted with
the index coming from the D-function referring to the
same triangle (again, see Fig. 1).
It is crucial to note that the group elements attached
to the links exposed on the boundary for each wedge
are not integrated over, since we are working with
fixed connection on the boundary, a boundary condi-
tion which can be easily shown to not require any ad-
ditional boundary term in the classical action (see [14]
for the three-dimensional case).
We then pass from pure BF theory to 4-dimensional
gravity imposing the Plebanski constraints on the B
field [15–18] directly at the quantum level, i.e., as
Barrett–Crane constraints on the representations J (or
(n,ρ) in the Lorentzian case) labelling the wedges. In
turn, this can be done imposing some projections on
the edge amplitude in the partition function we have
just described:
Ae(GR)
= PgPhAe(BF)
=
∫
SO(4)
dg1 D
J1
k1l1
(g1)D
J2
k2l2
(g1)D
J3
k3l3
(g1)D
J4
k4l4
(g1)
×
∫
SO(3)
dh1 D
J1
l1i1
(h1)
∫
SO(3)
dh2 D
J2
l2i2
(h2)
×
∫
SO(3)
dh3 D
J3
l3i3
(h3)
∫
SO(3)
dh4 D
J4
l4i4
(h4)
(3)
×
∫
SO(4)
dg′1 D
J1
i1m1
(
g′1
)
D
J2
i2m2
(
g′1
)
×DJ3i3m3
(
g′1
)
D
J4
i4m4
(
g′1
)
.
The integrals in the SO(3) h variables impose
the simplicity of all the representations J , given by
representations of the form (j, j), while additional
integrals over SO(4) restore the gauge invariance
of the edge amplitudes, that, automatic in pure BF
theory, is lost after the imposition of the simplicity
constraints. These correspond to the simplicity and
closure constraints in [4]. In the Lorentzian case
everything works the same way, with SL(2,C) and
SU(2) instead of SO(4) and SO(3) [5,9], with the
simple representations given in this case by those
labelled only by the continuous parameter ρ.
366 D. Oriti / Physics Letters B 532 (2002) 363–372
Note that we are not imposing any projection in
the boundary terms, so that these are the same as
those in pure BF theory. However, the projection over
simple representations in the edge amplitude imposes
automatically the simplicity also of the representations
entering in the D-functions for the exposed edges.
Performing the integrals (we are correcting here a
few typos present in [11]) we get:
(4)Ae = 1
(∆J1∆J2∆J3∆J4)
1/2B
J1J2J3J4
k1k2k3k4
BJ1J2J3J4m1m2m3m4,
where the BJ1J2J3J4k1k2k3k4 =
∑
J C
J1J2J3J4J
k1k2k3k4
=∑J √∆J ×
C
J1J2J
k1k2k
C
J3J4J
k3k4k
are the Barrett–Crane intertwiners, with
the Cs being ordinary SO(4) invariant tensors normal-
ized such that the theta net is equal to one. The sets
of indices of the intertwiners refer to the vertex of
the 2-complex (and are contracted with others com-
ing from the other edges) and to the boundary tetra-
hedra (and are contracted with the D-functions for the
exposed edges) (see Fig. 2). The factors in the denom-
inator come from the simplicity projections.
Consequently the partition function for a single
4-simplex is:
ZBC =
∑
{Jf },{ke′ }
∏
f
∆Jf
∏
e′
B
Je′1Je′2Je′3Je′4
ke′1ke′2ke′3ke′4
(∆Je′1∆Je′2∆Je′3∆Je′4)
1/2
(5)×
∏
v
BBC
(∏
e˜
D(g˜)
)
,
Fig. 2. Structure of the boundary term corresponding to a single
tetrahedron, i.e., a single dual edge with the 4 wedges incident to
it, and the corresponding 4 exposed edges.
where the BBC is the Barrett–Crane amplitude for the
4-simplex, and the boundary terms are given by one
Barrett–Crane intertwiner for each tetrahedron on the
boundary, and one D-function for each group element
on each of the exposed edges, contacted with the
intertwiner to form a group invariant (see Fig. 2), plus
a “regularizing” factor in the denominator.
The gluing of 4-simplices is now simply done by
multiplying the partition functions for the individual
4-simplices, and integrating over the group variables
that are not anymore on the boundary of the manifold,
and required to be equal in the two 4-simplices, again
because we are working with fixed connection on
the boundary, so that the boundary data of the two
4-simplices being glued have to agree.
These group variables appear only in two ex-
posed edges each, and the orthogonality between
D-functions forces the representations corresponding
to the two wedges to be equal:
(6)
∫
SO(4)
dgDJkl(g)D
J ′
mn(g)=
1
∆J
δkmδlnδJJ ′ ;
moreover, the factors 1/∆J compensate for having
two wedges corresponding to the same triangle, so
that to each plaquette of the dual complex, or triangle
of the triangulation, corresponds still only a factor
∆J in the partition function. Finally, the equality of
the matrix indices in the previous relation forces the
Barrett–Crane intertwiners corresponding to the same
shared tetrahedron to be fully contracted, so that the
resulting amplitude for it (taking properly into account
the normalization chosen above) is:
(7)Ae =
B
J1J2J3J4
k1k2k3k4
B
J1J2J3J4
k1k2k3k4
∆J1∆J2∆J3∆J4
= ∆1234
∆J1∆J2∆J3∆J4
,
where ∆1234 is the dimension of the space of inter-
twiners between the representations J1, . . . , J4, i.e.,
the number of possible intertwiners between these rep-
resentations. Note that this is also the number of pos-
sible quantum tetrahedra for given values of their tri-
angle areas, so it is really the most natural statistical
weight for them in the partition function.
Note that the gluing is not trivial, in the sense
that the end result is not just the product of pre-
existing factors, but includes something resulting from
the gluing itself (the factor ∆1234).
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In the end, the partition function we find for a
general manifold with boundary, with fixed connection
on the boundary, is:
ZBC =
∑
{jf },{ke′ }
∏
f
∆jf
∏
e′
B
je′1je′2je′3je′4
ke′1ke′2ke′3ke′4
(∆je′1∆je′2∆je′3∆je′4)
1/2
(8)
×
∏
e
∆1234
∆je1∆je2∆je3∆je4
∏
v
BBC
(∏
e˜
D(ge˜)
)
,
where the {e′} and the {e} are the sets of boundary (in-
cident to it) and interior edges of the spin foam, respec-
tively, while the e˜ are the remaining exposed edges,
where the boundary connection data are located. The
partition function is then a function of the connec-
tion, i.e., of the group elements on the exposed edges.
This is the Perez–Rovelli version of the Barrett–Crane
model, with the appropriate boundary terms.
One can proceed analogously in the Lorentzian
case, using the integral representation of the Barrett–
Crane intertwiners (the resulting expression is of
course more complicated, but with the same structure),
and their formula for the evaluation of relativistic
(simple) spin networks. All the passages above, in fact,
amount to the evaluation of spin networks, which were
proven to evaluate to a finite number, so the procedure
above can be carried through similarly and sensibly.
We see that, starting from a ill-defined BF partition
function, the imposition of the constraints has made
the resulting partition function for gravity finite both
in the Euclidean and Lorentzian cases [8,19,20].
3. Fixing the boundary metric
Let us now study the case in which we choose to fix
the B field on the boundary (i.e., by the metric field),
and let us analyse first the classical action.
We note here that the partition function we will
obtain in this section, being a function of the repre-
sentations J (or ρ) of the group SO(4) (or SL(2,C)
assigned to the boundary, and representing the B
(metric) field, can be thought of as the Fourier trans-
form [21] of the one we ended up with in the previous
section, being instead function of the group elements,
representing the connection field.
The so(4) Plebanski action is:
(9)S =
∫
M
B ∧ F + 1
2
φB ∧B
so that its variation is simply given by:
δS =
∫
M
δB ∧ (F + φB)
+ δA∧ (dB +A∧B +B ∧A)
(10)−
∫
∂M
B ∧ δA,
and we see that fixing the connection on the boundary
does not require any additional boundary term to
give a well-defined variation, i.e., the field equations
resulting from it are not affected by the presence of a
boundary.
On the other hand, if we choose to fix the B field on
the boundary, we need to introduce a boundary term in
the action:
(11)S =
∫
M
B ∧ F + 1
2
φB ∧B +
∫
∂M
B ∧A
so that the variation leads to:
δS =
∫
M
δB ∧ (F + φB)
+ δA∧ (dB +A∧B +B ∧A)
(12)+
∫
∂M
δB ∧A,
and to the usual equations of motion.
Now we want to find what changes in the partition
function for a single 4-simplex if we decide to fix the
B field on the boundary, and then to study how the
gluing proceeds in this case.
The additional term in the partition function re-
sulting from the additional term in the action is
exp
∫
∂MB ∧A. We have to discretize it, expressing
it in terms of representations J and group elements g
on the boundary, and then multiply it into the existing
amplitude. The connection terms on the boundary are
then to be integrated out, since they are not held fixed
anymore, while the sums over the representations have
to be performed only on the bulk ones, i.e., only on the
representations labelling the triangles in the interior of
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the manifold (none in the case of a single 4-simplex).
A natural discretization [14] for the additional term is:
(13)exp
∫
∂M
B ∧A=
∏
e˜
χJ (ge˜)=
∏
e˜
DJkk(ge˜),
where the representation J is the one assigned to a
wedge with edges exposed on the boundary, and ge˜
is actually the product g1g2 of the group elements
assigned to the two edges exposed on the boundary,
and the product runs over the exposed parts of the
wedges.
We multiply the partition function (5) by this ex-
tra term, and integrate over the group elements, simul-
taneously dropping the sum over the representations,
since all the wedges are on the boundary, and thus all
the representations are fixed.
Using again the orthogonality of the D-functions,
Eq. (6), the result is the following:
(14)
ZBC =
∏
f
∆Jf
∏
e′
B
Je′1Je′2Je′3Je′4
ke′1ke′2ke′3ke′4
∆Je′1∆Je′2∆Je′3∆Je′4
∏
v
BBC
where also the k indices are fixed by the only con-
straint (coming again from the integration over the
group above) that the ks appearing in different Barrett–
Crane intertwiners but referring to the same triangle
must be equal. Of course we see that the partition func-
tion is now a function of the representations J on the
boundary and of their projections. The different power
in the denominator of the boundary terms is neces-
sary to have consistency in the gluing procedure, as we
will see. Also, note that we did not impose any projec-
tion over the simple representations in the boundary
terms, i.e., in the D-functions coming from the addi-
tional boundary term in the action, since we decided
not to impose it in the D-functions for the exposed
edges in (5) above. We will analyse the alternatives
to this choice in the next section.
Now we proceed with the gluing of 4-simplices.
The different 4-simplices being glued have to share
the same boundary data for the common tetrahedron,
i.e., the representations J and the projections k in
the Barrett–Crane intertwiner referring to it have to
agree. The gluing is performed again multiplying
the partition functions for the two 4-simplices and
summing over the ks, because they are now attached
to a tetrahedron in the interior of the manifold. In
this way the Barrett–Crane intertwiners corresponding
to the same tetrahedron in the two 4-simplices get
contracted with each other, and they give again a
factor∆1234 as before. The factors in the denominators
of the (ex-)boundary terms are multiplied to give a
factor 1/(∆J1∆J2∆J3∆J4)2, but since we have a factor
of ∆Ji for each wedge and for each 4-simplex, the
factor in the denominator of the amplitude for the
interior tetrahedron is again 1/(∆J1∆J2∆J3∆J4).
In the end the partition function for a generic
manifold with boundary, with the boundary condition
being that the metric field is fixed on it, is:
ZBC =
∑
{Jf }
∏
f
∆Jf
∏
e′
B
Je′1Je′2Je′3Je′4
ke′1ke′2ke′3ke′4
∆Je′1∆Je′2∆Je′3∆Je′4
(15)×
∏
e
∆1234
∆Je1∆Je2∆Je3∆Je4
∏
v
BBC.
It is understood that the sum over the represen-
tations J s is only over those labelling wedges (i.e.,
faces) in the interior of the manifold, the others being
fixed.
We recall that this can be understood as the prob-
ability amplitude for the boundary data, the repre-
sentations of SO(4) (or SL(2,C)) in this case or the
SO(4) group elements as in the previous section, in
the Hartle–Hawking vacuum. If the boundary data are
instead divided into two different sets, then the parti-
tion function represents the transition amplitude from
the data in one set to those in the other. The Lorentzian
case, again, goes similarly, with the same result.
We see that, apart from the boundary terms, we
ended up again with the Perez–Rovelli version of
the Barrett–Crane model. This was to be expected,
since the bulk partition function should not be affected
by the boundary conditions we have chosen for the
single 4-simplices before performing the gluing, but
the fact that this is indeed the case represents a good
consistency check for the whole procedure we used to
obtain the Barrett–Crane model from a discretized BF
theory.
4. Exploring alternatives
Let us now go on to explore the alternatives to the
procedure we have just used, to see whether there are
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other consistent procedures giving different results,
i.e., different versions of the Barrett–Crane model. In
particular, we would like to see, for example, whether
there is any variation of the procedure used above
resulting in the De Pietri–Freidel–Krasnov–Rovelli
version of the Barrett–Crane model [6], i.e., the other
version that can be derived from a field theory over a
group manifold. Again, the analogous calculations in
the Lorentzian case go through similarly.
We have seen in Section 2 that two choices were
involved in the derivation we performed: the way we
imposed the constraints, with one projection impos-
ing simplicity of the representations and the other im-
posing the invariance under the group of the edge
amplitude, and the way we treated the D-functions
for the exposed edges, i.e., without imposing any
constraints on them. We will now consider alterna-
tives to these choices, starting from the last one.
A few other alternatives to the first were considered
in [11].
4.1. Projections on the exposed edges
We then first leave the edge amplitude (3) as it is,
and look for a way to insert an integral over the SO(3)
subgroup in the boundary representation functions.
The idea of imposing the simplicity projections in
the D-functions for the exposed edges may (naively)
resemble the imposition of them in the kinetic term
in the action for the field theory over a group, leading
to the De Pietri–Freidel–Krasnov–Rovelli version of
the Barrett–Crane model [6], since in both cases there
are precisely 4 of them for each tetrahedron, and they
represent the boundary data to be transmitted across
the 4-simplices (in the connection representation).
Anyway, this is not the case, as we are going to
show.
There are two possible ways of imposing the
projections, corresponding to the two possibilities
of multiplying the arguments of the D-functions by
an SO(3) element from the left or from the right,
corresponding to projecting over an SO(3) invariant
vector the indices of the D-functions referring to
the tetrahedra or those referring to the triangles (see
Fig. 2), then integrating over the subgroup as in (3),
having for each boundary term:
B
J1J2J3J4
k1k2k3k4
D
J1
k1m1
(g1)D
J2
k2m2
(g2)D
J3
k3m3
(g3)D
J4
k4m4
(g4)
→ BJ1J2J3J4k1k2k3k4 D
J1
k1l1
(g1)D
J2
k2l2
(g2)D
J3
k3l3
(g3)
(16)
×DJ4k4l4(g4)w
J1
l1
w
J2
l2
w
J3
l3
w
J4
l4
wJ1m1w
J2
m2w
J3
m3w
J4
m4
or:
B
J1J2J3J4
k1k2k3k4
D
J1
k1m1
(g1)D
J2
k2m2
(g2)D
J3
k3m3
(g3)D
J4
k4m4
(g4)
→ BJ1J2J3J4k1k2k3k4 w
J1
k1
w
J2
k2
w
J3
k3
w
J4
k4
w
J1
l1
w
J2
l2
w
J3
l3
w
J4
l4
(17)
×DJ1l1m1(g1)D
J2
l2m2
(g2)D
J3
l3m3
(g3)D
J4
l4m4
(g4),
where in the first case the second set of invariant
vectors is contracted with one coming from another
boundary term, giving in the end no contribution to
the amplitude, while in the second case there is a
contraction between the Barrett–Crane intertwiners
and these vectors, giving a different power in the
denominator in (5), and the disappearance of the
intertwiners from the amplitude.
Let us discuss the first case. The effect of the pro-
jection is to break the gauge invariance of the am-
plitude for a 4-simplex, and to decouple the different
tetrahedra on the boundary. In fact the amplitude for a
4-simplex is then:
Z=
∑
{Jf },{ke′ }
∏
f
∆Jf
∏
e
B
Je1Je2Je3Je4
ke1ke2ke3ke4
(∆Je1∆Je2∆Je3∆Je4)
1/2
×DJe1ke1le1(ge1) · · ·D
Je4
ke4le4
(ge4)
(18)
×wJe1le1 w
Je2
le2
w
Je3
le3
w
Je4
le4
wJe1me1w
Je2
me2
wJe3me3w
Je4
me4
∏
v
BBC
which is not gauge invariant but only gauge covariant.
This would be enough for discarding this variation
of the procedure used above as not viable. Neverthe-
less, this does not lead to any apparent problem when
we proceed with the gluing as we did previously. In
fact, as it can be easily verified, the additional invari-
ant vectors w do not contribute to the gluing, when
the connection is held fixed at the boundary, and the
result is again the ordinary Perez–Rovelli version of
the Barrett–Crane model. The edge amplitude, i.e., the
amplitude for the tetrahedra in the interior of the mani-
fold, is again given by (7). However, the inconsistency
appears when we apply the “consistency check” used
previously, i.e., when we study the gluing with differ-
ent boundary conditions. In fact, when the field B is
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held fixed at the boundary, we have to multiply again
the partition function (18) by the additional boundary
terms (13), this time imposing the simplicity projec-
tions here as well as in (16). The resulting 4-simplex
amplitude is:
Z =
∏
f
∆Jf
∏
e′
B
Je′1Je′2Je′3Je′4
ke′1ke′2ke′3ke′4
(∆Je′1∆Je′2∆Je′3∆Je′4)
3/2
(19)×
∏
v
BBC
and the gluing results in an edge amplitude for the
interior tetrahedra:
(20)Ae = ∆1234
(∆J1∆J2∆J3∆J4)
2 .
This proves that this model is not consistent,
since the result is different for different boundary
conditions, and shows also that, as we said above, the
“consistency check” is not trivially satisfied by every
model.
Considering now the second variation (17), we
see that imposing the simplicity constraint this way
gives the same result as if we had imposed it di-
rectly in the edge amplitude (3), having Ae(GR) =
PhPgPhAe(BF). This, however, breaks the gauge in-
variance of the edge amplitude, for which we were
aiming when we imposed the additional projectionPg .
In turn this results into a breaking of the gauge in-
variance of the 4-simplex amplitude. Because of this
we do not explore any further this variation, but rather
study directly the simpler case in which we do not im-
pose the projection Pg at all in the edge amplitude.
Then we will give more reasons for imposing it.
4.2. Imposing the projections differently
We then study the model obtained dropping the pro-
jection Pg in (3), and not imposing any additional sim-
plicity projection on the D-functions for the exposed
edges, since we have just seen that this would lead to
inconsistencies (more precisely, projecting the indices
referring to the triangles would lead to inconsisten-
cies, while projecting those referring to the tetrahedra
would give exactly the same result as not projecting at
all, as can be verified).
The edge amplitude replacing (3) is then:
(21)Ae =
B
J1J2J3J4
k1k2k3k4
(∆J1∆J2∆J3∆J4)
1/4 w
J1
m1w
J2
m2w
J3
m3w
J4
m4
and the partition function for a single 4-simplex is:
ZBC =
∑
{Jf },{ke′ }
∏
f
∆Jf
∏
e′
w
J1
m1w
J2
m2w
J3
m3w
J4
m4
(∆Je′1∆Je′2∆Je′3∆Je′4)
1/4
(22)×
∏
v
BBC
(∏
e˜
D
)
,
where the D-functions for the exposed edges are
contracted not with the Barrett–Crane intertwiners but
with the SO(3) invariant vectors wJm. Consequently
the partition function itself is not an invariant under
the group. However, let us go a bit further to see
which model results from the gluing. Proceeding to the
usual gluing, the resulting edge amplitude for interior
tetrahedra is simply:
(23)1√
∆Je′1∆Je′2∆Je′3∆Je′4
and the gluing itself looks rather trivial in the sense
that in the end it just gives a multiplication of pre-
existing factors, with nothing new arising from it. The
gluing performed starting from the partition function
with the other boundary conditions gives the same
result, again only if we do not project the D-functions
for the exposed edges.
This is the “factorized” edge amplitude considered
in [13], and singled out by the requirement that
the passage from SO(4) BF theory to gravity is
given by a pure projection operator (how the dual
or connection picture changes for the Perez–Rovelli
version is shown in [21]). Indeed, we have just
seen how this model is obtained using only the
implicit projection, and dropping the Pg , which is
responsible for making the combined operator PgPh
not a projector (PgPhPgPh = PgPh).
On the other hand, the additional projection Pg in-
troduces an additional coupling of the representations
for the four triangles forming a tetrahedron. This cou-
pling can be understood algebraically directly from the
way the Pg operator acts, since it involves all the four
wedges incident to the same edge (see Eq. (3)), or re-
calling that the gauge invariance of the edge ampli-
tude (corresponding to the tetrahedra of the simplicial
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manifold) admits a natural interpretation as the clo-
sure constraint for the bivectors B in terms of which
we quantize both BF theory and gravity in the Pleban-
ski formulation. This is the constraint that the bivec-
tors assigned to the triangles of the tetrahedron, forced
to be simple bivectors because of the simplicity con-
straint Ph, sum to zero. Thus we can argue more geo-
metrically for the necessity of the Pg projection saying
that the model has to describe the geometric nature of
the triangles, but also the way they are “coupled” to
form “collective structures”, like tetrahedra. Not im-
posing the Pg projection results in a theory of not
enough coupled triangles. For this reason we do not
consider this as a viable version of the Barrett–Crane
model.
But if the Pg projector is necessary, then the pro-
cedure of Sections 2 and 3, giving the Perez–Rovelli
version of the Barrett–Crane model, can be seen as
the minimal, and most natural, way of constraining
BF theory to get a quantum gravity model. At the
same time, exactly because combining the projec-
tors Ph and Pg does not give a projector operator,
“non-minimal” models, sharing the same symmetries
of the Perez–Rovelli version, and implementing as
well the Barrett–Crane constraints, but possibly phys-
ically different from it, can be easily constructed, im-
posing the two projectors more than once. It is easy
to verify that, both starting from the partition function
for a single 4-simplex with fixed boundary connection
or with the B field fixed instead, imposing the com-
bined PgPh operator n times (n 1), the usual gluing
procedure will result in an amplitude for the interior
tetrahedra:
(24)Ae = ∆
2n−1
1234
(∆J1∆J2∆J3∆J4)
n
.
Of course, the same kind of model could be obtained
from a field theory over a group, with the usual
technology. However, the physical significance of
this variation is unclear (apart from the stronger
convergence of the partition function, which is quite
apparent).
To conclude, let us comment on the De Pietri–
Freidel–Krasnov–Rovelli version of the Barrett–Crane
model. It seems that there is no natural (or simple)
variation of the procedure we used leading to this ver-
sion of the Barrett–Crane state sum, as we have seen.
In other words, starting from the partition function for
BF theory, it appears to be no simple way to impose
the Barrett–Crane constraints at the quantum level, by
means of projector operators as we did, and to obtain
a model with an amplitude for the interior tetrahedra
of the type:
(25)Ae = 1
∆1234
as in [6]. Roughly, the reason can be understood as
follows: for each edge, the Ph projection has the effect
of giving a factor involving the product of the dimen-
sions of the representations in the denominator, and of
course of restricting the allowed representations to the
simple ones, while the Pg projector is responsible for
having a Barrett–Crane intertwiner for the boundary
tetrahedra, which in turn produces the factor ∆1234 af-
ter the gluing. The imposition of more of these projec-
tions in the non-minimal models can only change the
power with which these same elements appear in the
final partition function, as we said. So it seems that the
imposition of these projectors cannot create a factor
like ∆1234 in the denominator, which, if wanted, has
apparently to be inserted by hand from the beginning.
The un-naturality of this version of the Barrett–Crane
model from this point of view can probably be under-
stood noting that in the original field theory over group
formulation [6] the imposition of the operator Ph in
the kinetic term of the action, giving a kinetic operator
that is not a projector anymore, makes the coordinate
space (or “connection” [7]) formulation of the parti-
tion function highly complicated, and this formulation
is the closest analogue of our lattice-gauge-theory-
type of derivation. However, an intriguing logical pos-
sibility that we think deserves further study is that the
edge amplitude (25) may be “expanded in powers of
∆1234”, so that it may arise from a (probably asymp-
totic) series in which the nth term results from impos-
ing the PgPh operator n times with the result shown
above. More generally, many different models can be
constructed (consistently with different boundary con-
ditions) in this way (combining models with different
powers of PgPh), all based on the simple representa-
tions of SO(4) or SL(2,C), having the same funda-
mental symmetries, and the Perez–Rovelli version of
the Barrett–Crane model as the “lowest order” term,
with the other orders as “corrections” to it, even if in-
teresting models on their own right. This possibility
will be investigated in the future.
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5. Conclusions
We have thus shown how the Barrett–Crane spin
foam model for quantum gravity (in the Perez–Rovelli
version) can be obtained with a lattice gauge theory
type of derivation, with the appropriate boundary
terms corresponding to fixing the B (metric) field
on the boundary of the manifold. We stress that
the correct treatment of the boundary terms and
their precise description will be necessary for any
concrete application of the spin foam model, like
for example the calculation of transition amplitudes
between quantum gravity states [22], or the study
of black hole physics (e.g., computing black hole
entropy) [14,23]. We have also described how the
gluing between 4-simplices has to be carried out in
this context. The result is consistent with the one
obtained in [11] fixing the connection field instead.
We also explored several variations of this derivation,
including one resulting in a class of “non-minimal”
models that may turn out to be useful in the future.
As a result, the Perez–Rovelli version of the Barrett–
Crane model appears to be the simplest consistent
outcome of constraining BF theory with a procedure
of the kind we used.
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